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Abstract
Wepresent enumeration results on the linear complexity proﬁle and the related lattice proﬁle, a complexity
measure based onMarsaglia’s lattice test, of sequences over ﬁnite ﬁelds. In particular,we calculate the number
of sequences with prescribed proﬁles and analyze the increase frequency, that is the jump complexity analog
for the lattice proﬁle. Moreover, we provide some results on sequences with a k-almost perfect linear
complexity proﬁle respectively lattice proﬁle. Finally, we present some distribution properties of binary
sequences with length N and perfect lattice proﬁle.
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1. Introduction
Complexity measures for sequences over ﬁnite ﬁelds are of substantial importance in theo-
retical computer science. They are also of practical relevance, e.g. in the area of stream ciphers
(cf. [14,15,19]) or in the area of Monte Carlo and Quasi-Monte Carlo methods (see the surveys
in [6,13]). In this article we focus on the linear complexity and some related measures, and on
the lattice structure, a complexity measure which emerges from a generalization of Marsaglia’s
lattice test (see [8,13]). Usually, the linear complexity has been considered in connection with
cryptographic applications, while the lattice structure has mostly been considered with respect to
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applications in Quasi-Monte Carlo methods. As it has been shown in [2–4,17] these complexity
measures are strongly related.
Let S = s1, s2, . . . be a sequence with terms in the ﬁnite ﬁeld Fq of length at least n. Then the
nth linear complexity Ln of S, denoted by Ln(S), is the length of the shortest recurrence relation
aLnsj+Ln + aLn−1sj+Ln−1 + · · · + a0sj = 0 for j = 1, 2, . . . , n − Ln
satisﬁed by the ﬁrst n terms of S. If S starts with n−1 zeros and sn = 0 then we deﬁneLi(S) = 0
for 1 in − 1, and Ln(S) = n. Additionally, we can put L0(S) = 0. The linear complexity
L(S) of S is deﬁned as
L(S) = sup
n0
Ln(S)
and the sequence 〈Ln(S)〉∞n=0 is called the linear complexity proﬁle of S. For a ﬁnite sequence of
the lengthN we can deﬁne the linear complexity proﬁle to be the ﬁnite sequence 〈Ln(S)〉Nn=0. The
linear complexity and the linear complexity proﬁle of sequences have been intensively studied
(see [1,9–11,19] and for a comprehensive recent survey see [15]).
The nature of the linear complexity proﬁle of a sequence with terms in the ﬁnite ﬁeld Fq can
be described in the following way:
(I) If Ln(S) > n/2 then Ln+1(S) = Ln(S).
(II) If Ln(S)n/2 then Ln+1(S) = Ln(S) for exactly one choice of sn+1 and Ln+1(S) =
n + 1 − Ln(S) for the remaining q − 1 choices of sn+1.
Roughly speaking, the linear complexity proﬁle performs “jumps” symmetric to the n/2-line.
Additionally it has been shown in [11,19] that frequent large deviations from the n/2-line are
not very likely. This has given rise to the notion of a sequence with a perfect linear complexity
proﬁle, i.e. a sequence for which the linear complexity proﬁle follows the n/2-line as close as
possible, or more accurately a sequence S with linear complexity proﬁle Ln(S) = (n + 1)/2
for all n0. In the binary case sequences with perfect linear complexity proﬁle can completely
be characterized by the sufﬁcient and necessary condition (cf. [9,10,23])
s1 = 1 and s2i+1 = s2i + si for i = 1, 2, . . . .
Similarly one can deﬁne sequences with a k-perfect linear complexity proﬁle as sequences satis-
fying
|2Ln(S) − n|k for all n0.
Evidently, S has a k-perfect linear complexity proﬁle if and only if the jump heights in the linear
complexity proﬁle do not exceed k. For further background on sequences with k-perfect linear
complexity proﬁle we refer to [10] and [18, Chapter 7], where sequences with k-perfect linear
complexity proﬁle were constructed via algebraic function ﬁelds.
A related complexity measure which has been introduced in [21,22] and studied in detail in [12]
is the nth jump complexity. The nth jump complexity Pn(S) is deﬁned as the number of positive
integers among L1(S), L2(S) − L1(S), . . . , Ln(S) − Ln−1(S).
In the series of papers [2–5] the following generalization of Marsaglia’s lattice test (see [8]) was
introduced and analyzed. Let S = s1, s2, . . . be a sequence with terms in the ﬁnite ﬁeld Fq , then
we say that S passes the -dimensional n-lattice test if the vectors {sj − s1 | 2jn − + 1}
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span Fq , where
sj = (sj , sj+1, . . . , sj+−1), 1jn − + 1.
If S passes the -dimensional n-lattice test then it passes all ′-dimensional lattice tests with
′, and if S fails the -dimensional n-lattice test then it fails all ′-dimensional lattice tests
with′. The greatest such that S passes the-dimensional n-lattice test, denoted byn(S),
is called the nth lattice level of S. Additionally we deﬁne 0(S) = 1(S) = 0. The lattice level
(S) of S is then deﬁned to be
(S) = sup
n0
n(S)
and we call the sequence 〈n(S)〉∞n=0 the lattice proﬁle of S (cf. [2,5]).Again for a ﬁnite sequence
of the length N we deﬁne the lattice proﬁle to be the ﬁnite sequence 〈n(S)〉Nn=0. It turned out
that the linear complexity and the lattice level are strongly connected complexity measures. For
details we refer to [2–4,17].
The nature of the lattice proﬁle of a sequence S with terms in the ﬁnite ﬁeld Fq can be described
in the following way (cf. [2]):
(i) If n−1(S) = n(S) then n+1(S) = n(S) for exactly one choice of sn+1 and n+1(S) =
n(S) + 1 for the remaining q − 1 choices of sn+1.
(ii) If n(S) = n−1(S) + 1<n/2 then n+1(S) = n(S) + 1.
(iii) If n(S) = n/2 then n+1(S) = n(S).
Roughly speaking, whenever the lattice proﬁle starts to increase it steadily increases by 1 until
it reaches the upper bound n/2. As for the linear complexity proﬁle frequent large deviations of
the lattice proﬁle from the n/2-line are not very likely. Thus it is reasonable to deﬁne sequences
S with maximal possible nth lattice level n(S) = n/2 for all n0, as sequences with perfect
lattice proﬁle. In [5], it has been shown that in the binary case sequences with perfect lattice proﬁle
can completely be characterized by the sufﬁcient and necessary condition
si + s2i = 1 for i = 1, 2, . . . .
Again we can deﬁne sequences with a k-perfect lattice proﬁle as sequences satisfying
n − 2n(S)k for all n0.
The following complexity measure can be seen as the lattice proﬁle equivalent to the jump com-
plexity. The nth increase frequency Fn(S) of a sequence S is deﬁned as the number of integers j ,
1jn, for which we have j (S) = j/2.
In Section 2, we present enumeration results on the linear complexity proﬁle and on the lattice
proﬁle, and we analyze the increase frequency. In Section 3, we provide some remarks on se-
quenceswith lengthN and k-perfect lattice proﬁle. Finally, in Section 4we investigate distribution
properties of binary sequences with perfect lattice proﬁle.
2. Enumeration results on the linear complexity proﬁle, the lattice proﬁle and the
increase frequency
Let (Ln)Nn=0 be a linear complexity proﬁle of a sequence of length N , i.e. (Ln)Nn=0 satis-
ﬁes (I) and (II). In [1], Carter showed that the number of binary sequences S of length N
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with (Ln(S))Nn=0 = (Ln)Nn=0 is precisely given by
2M, where M = min(LN(S),N − LN(S)). (1)
The proof is based on the fact that regardless where the jumps in the linear complexity proﬁle are
performed, due to (I) there will be exactly M positions where sn+1, 0nN − 1, can be chosen
arbitrarily. The formula (1) can easily be generalized to sequences over arbitrary ﬁnite ﬁelds.
Again we will have M positions where we can choose sn+1 arbitrarily, but to enforce a jump in
the prescribed linear complexity proﬁle according to (II) we will always have q − 1 choices for
sn+1. Thus, the number of sequences S of the length N and terms in the ﬁnite ﬁeld Fq exhibiting
a prescribed linear complexity proﬁle L1(S), L2(S), . . . , LN(S) is given by
(q − 1)PN (S)qmin(LN (S),N−LN(S)). (2)
Additionally to the N th linear complexity the number of jumps is important, but formula (2) is
still independent of the positions of the jumps and the particular jump heights. Carter also showed
in [1] that for a given K , 0KN , the number of different linear complexity proﬁles for which
LN(S) = K is exactly
2T , where T = 0 if K = 0 and T = min(K − 1, N − K) if 1KN.
The total number of different linear complexity proﬁles for sequences of length N is given by
2
N
2 +1 − 1 if N is even, and
3 · 2(N−1)/2 − 1 if N is odd.
The last two formulas are of course independent of the underlying ﬁnite ﬁeld. The following
theorem provides the equivalent results for the lattice proﬁle.
Theorem 1. (1) Let (n)Nn=0 be a lattice proﬁle of a sequence of length N , i.e. (n)Nn=0 satisﬁes
(i)–(iii).The number of sequences S of lengthN and terms in the ﬁnite ﬁeld Fq with (n(S))Nn=0 =
(n)Nn=0 is given by
(q − 1)J qM, where M = N−1(S) + 1 and
J =
{
FN(S) : N(S) = N−1(S) or N(S) = N/2,
FN(S) + 1 : else.
(2) For a given integer K , 0KN/2, N1 the number of different lattice proﬁles for
sequences S of length N , such that N(S) = K is precisely
2K if K<N/2 and 2K−1 if K = N/2.
(3) The total number of different lattice proﬁles (n)Nn=0 for sequences of length N is given by
3 · 2N2 −1 − 1 if N is even, and
2(N+1)/2 − 1 if N is odd.
Proof. (1) According to (i)–(iii) we have q − 1 choices for sn exactly if the prescribed lattice
proﬁle starts to increase from n − 1 to n. Since then the lattice proﬁle steadily increases until we
meet the n/2-line, this will happen FN(S) times if we reach the n/2-line after the last increase has
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been started, i.e. ifN(S) = N−1(S) orN(S) = N/2. Else this happens FN(S)+1 times. We
can choose sn arbitrarily whenever we are in the stage of increase, except from the position where
the increase has been started. Additionally the term after reaching the n/2-line can be chosen
arbitrarily. Note that s1 will always be the ﬁrst term we can choose arbitrarily. This will happen
N(S) times if N(S) = N−1(S) + 1 and N(S) + 1 times if N(S) = N−1(S).
(2)Will be proved by induction onN . IfN = 1,we have just the lattice proﬁle 0, 0, and ifN = 2
we have one lattice proﬁle, 0, 0, 0, with K = 2(S) = 0, and one lattice proﬁle, 0, 0, 1, with
K = 2(S) = 1. Thus the assertion is satisﬁed forN = 1, 2. Suppose it is satisﬁed forN −1.We
have to distinguish between the case that K<N/2 and the case that K = N/2. In the ﬁrst case we
either have N−1(S) = N(S) or we have N−1(S) = N(S) − 1. If N−1(S) = N(S), then
K = N(S) = N−1(S) = . . . = 2K(S). By the induction hypothesis we have 2K−1 different
lattice proﬁles with2K(S) = K . IfN−1(S) = N(S)−1 = K−1, thenN−1(S)<(N −1)/2
and again by induction hypothesis we have 2K−1 different lattice proﬁles withN−1(S) = K−1,
which gives 2K for the total number of different lattice proﬁles with N(S) = K . In the second
case K = N/2 we always have N−1(S) = K − 1<(N − 1)/2, which by induction hypothesis
is satisﬁed by exactly 2K−1 different lattice proﬁles.
(3) The formulas are obtained by summing the number of different lattice proﬁles with ﬁnal
value K over all possible values of K , i.e. over values of K from 0 to N/2. 
In the remainder of this section we provide some results on the increase frequency.
Proposition 1. The increase frequency is binomially distributed with the parameters N/2 and
(q−1)/q, i.e. for the expected value E(FN) and the variance Var(FN) for the increase frequency
of an arbitrary sequence S of the length N and with terms in Fq , we have
E(FN) = q − 1
q
⌊
N
2
⌋
and Var(FN) = q − 1
q2
⌊
N
2
⌋
,
and the numberZN(F) of sequencesS with terms inFq , lengthN and increase frequencyFN(S) =
F is given by
ZN(F) = qN
(N/2
F
)(
q − 1
q
)F ( 1
q
)N/2−F
, 0F 
⌊
N
2
⌋
.
Proof. Let S be a sequence with terms in Fq and length N and let 2k be one of the N/2 even
integers with 0<2kN . We determine the probability that 2k(S) = k. Let 2l0 be the largest
integer smaller than 2k such that we have 2l (S) = l, then we have 2k(S) = k if and only if at
position l + k + 1 an increase of the lattice proﬁle is started. As we know, the probability that an
increase is started at that position is (q − 1)/q. Note that for a given integer 2k the exact value
for l + k + 1 as well as for the term sl+k+1 that causes an increase of the lattice proﬁle depend on
the ﬁrst terms of the sequence, but not the probability that an increase is started at that position.
Moreover since 2l<l + k + 12k, the position l + k + 1 has no inﬂuence on the probability that
2k′(S) = k′ for any k′ < l or k′ > k. 
Finally, we can establish an explicit formula for the combined counting function ZN(, F ),
that is the number of sequences S with terms in Fq , length N , and prescribed values N(S) = 
and FN(S) = F for the lattice level and the increase frequency, respectively. The result can be
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seen as the lattice proﬁle equivalent to the formulas in [12, Theorem 1] for the combined counting
function for the linear complexity and the jump complexity.
Theorem 2. Let N be a positive integer and let and F be integers with 0F N/2. Then
ZN(0, 0) = q,
ZN(, F ) = (q − 1)F q
(
q
(

F
)
−
(
− 1
F
))
if <N/2,
and for even N
ZN(N/2, F ) =
(
N/2 − 1
F − 1
)
(q − 1)F qN/2, 1F N/2.
Proof. Evidently the sequencesS withN(S) = FN(S) = 0 are exactly theq constant sequences.
We determine the number of different lattice proﬁles 0(S) = 1(S) = 0,2(S), . . . ,N(S) =
1 such that FN(S) = F and apply Theorem 1 to obtain the counting function ZN(, F ).
We ﬁrst suppose that <N/2. If 2(S) = , then we have
(−1
F−1
)
possibilities to choose the
remaining F − 1 positions i for which we have i (S) = i/2. If 2(S)< we have
(−1
F
)
possibilities to choose a lattice proﬁle with the given properties. With Theorem 1 we get
ZN(, F ) =
(
− 1
F − 1
)
(q − 1)F q+1 +
(
− 1
F
)
(q − 1)F+1q,
which yields the desired formula.
If  = N/2 we have (N/2−1
F−1
)
possibilities to choose the remaining F − 1 positions i with
i (S) = i/2. Applying Theorem 1 we obtain the formula of the theorem. 
With Theorem 2 we get an alternative proof for the formula in [5, Theorem 14] for the number
NN() of sequences with terms in Fq of length N and given lattice level .
Corollary 1. The counting function NN() satisﬁes
NN(0) = q for all N1,
N2() = q2 − q2−1 for all 1,
NN() = q2+1 − q2−1 for all 1, N2+ 1.
Proof. The formulas follow immediately fromTheorem 2 withNN(0) = ZN(0, 0), and for1
with
N2() =
∑
F=1
Z2(, F ), and
NN() =
∑
F=0
ZN(, F ) if N2+ 1. 
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3. Remarks on k-perfect lattice proﬁles
Let S be a ﬁnite sequence with length N and terms in Fq . We say that S has a k-perfect linear
complexity proﬁle (k-perfect lattice proﬁle) if S forms the ﬁrst N terms of an inﬁnite sequence
with a k-perfect linear complexity proﬁle (k-perfect lattice proﬁle).
Remark 1. Alternatively we can deﬁne a ﬁnite sequence S of length N with a k-perfect lattice
proﬁle as a sequence satisfying n−2n(S)k for 0nN .With our deﬁnition a ﬁnite sequence
S of lengthN has a k-perfect linear complexity proﬁle if and only if |2Ln(S)−n|k for 0nN ,
and additionally 2LN(S) = N − k if N ≡ k mod 2. This deﬁnition of a sequence of length N
with a k-perfect linear complexity proﬁle coincides with the deﬁnition of a sequence of length
N with a 1-perfect linear complexity proﬁle as a sequence satisfying Ln(S) = (n + 1)/2 for
0nN .
With the formula (2) and Theorem 1 we obtain that there are precisely (q − 1)
N/2qN/2
respectively (q − 1)N/2q
N/2 sequences with length N and terms in Fq exhibiting a perfect
linear complexity proﬁle, respectively, a perfect lattice proﬁle.
In [16], several enumeration results on ﬁnite sequences with a k-perfect linear complexity
proﬁle have been obtained. We present analogous results on ﬁnite sequences with a k-perfect
lattice proﬁle.
Let k ∈ N, N ∈ Z, and q be the order of the underlying ﬁeld. In accordance with [16] we
deﬁne the generalized Fibonacci numbers by
Fib(q)k (N) =
⎧⎪⎪⎨
⎪⎪⎩
0, N < 0,
1, N = 0,
(q − 1)∑kj=1 Fib(q)k (N − j), N > 0
(3)
and denote with B(q)m|k(N), N1,mk, the number of sequences S with terms in Fq , length N ,
N − 2N(S) = m and n − 2n(S)k for 0nN . Note that B(q)m|k(N) = 0 if m /≡ N mod 2.
First, we show that the number B(q)0|k (N), N even, of sequences with k-perfect lattice proﬁle and
N(S) = N/2 equals the numberA(q)0|k(N) of sequences with a k-perfect linear complexity proﬁle
and LN(S) = N/2. The latter has been calculated in [16, Theorem 14], namely we have
A
(q)
0|k(N) = qN/2Fib(q)k (N/2), N even. (4)
Observe that both, the linear complexity proﬁle and the lattice proﬁle of a sequence of length
N are uniquely determined by the set of indices 0nN where we have Ln(S) = n/2 and
n(S) = n/2, respectively (and the value for the N th linear complexity respectively the value
for the N th lattice level). A sequence S of length N and LN(S) = N/2 (N(S) = N/2) has
a k-perfect proﬁle if the difference between two successive indices n0, n1 with Lni (S) = ni/2
(ni (S) = ni/2), i = 0, 1, is atmost 2k. Evidently, we have a one-to-one correspondence between
the set of k-perfect linear complexity proﬁles and the set of k-perfect lattice proﬁles, under the
assumption that N is even and LN(S) = N/2, respectively, N(S) = N/2. Given such a k-
perfect proﬁle, Eq. (2) and Theorem 1 show that exactly (q − 1)RqN/2 sequences exhibit this
linear complexity proﬁle respectively lattice proﬁle, where R is the number of indices 1<nN
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with Ln(S) = n/2 respectively n(S) = n/2. Consequently, we have
B
(q)
0|k (N) = A(q)0|k(N). (5)
In the following proposition we express every B(q)m|k(N) in terms of B
(q)
0|k (N − j). The proposition
is the lattice proﬁle analogon of [16, Theorem 10].
Proposition 2. For 1mk we have
B
(q)
m|k(N) = B(q)0|k (N − m) + (q − 1)
k−m∑
j=0
qjB
(q)
0|k (N − m − 2j).
Proof. The case thatm /≡ N mod 2 is trivial. Now suppose thatm ≡ N mod 2 andN−2N(S) =
m for a k-perfect sequence S with terms in Fq and length N . Let n0 be the largest (even) integer
with n0(S) = n0/2. Then n0 is of the form N − m − 2j with 0jk − m. We remark that
for j = k − m the lattice proﬁle possesses the largest permitted deviation k from the n/2 line at
n = N + m − k. We distinguish two cases, the case that j = 0, i.e. n0 = N − m, and the case
that 1jk − m.
Case j = 0: With properties (i) and (iii) for the lattice proﬁle we obtain that we have ex-
actly qB(q)0|k (N − m) k-perfect sequences S with terms in Fq , length N , N − 2N(S) = m and
N−m(S) = (N − m)/2.
Case 1jk−m:With properties (i)–(iii) for the lattice proﬁle we obtain that we have exactly
(q−1)qjB(q)0|k (N −m−2j) k-perfect sequences S with terms in Fq , lengthN ,N −2N(S) = m,
N−m−2j (S) = (N −m− 2j)/2 and n(S) = n/2 for all N −m− 2j<nN . Combining both
cases yields the desired formula. 
Combining (4), (5) and Proposition 2 we obtain the following corollary, which is the lattice
proﬁle analogon of [16, Theorem 15].
Corollary 2. Let m, k,N be positive integers. Then for N even we have
B
(q)
0|k (N)= q
N
2 Fib(q)k
(
N
2
)
, and for 1mk and N ≡ mmod 2 we have
B
(q)
m|k(N)= q
N−m
2
⎛
⎝Fib(q)k
(
N − m
2
)
+ (q − 1)
k−m∑
j=0
Fib(q)k
(
N − m
2
− j
)⎞⎠ . (6)
Corollary 3. The numberB(q)k (N) of sequences with terms in Fq , length N, and a k-perfect lattice
proﬁle is given by
B
(q)
k (N) =
⎧⎪⎪⎨
⎪⎪⎩
1
q − 1q
(N−k)/2+1Fib(q)k
(
N + k
2
)
if N ≡ k mod 2,
1
q − 1q
(N−k+1)/2Fib(q)k
(
N + k + 1
2
)
if N /≡ k mod 2.
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Proof. We proceed by induction. Obviously all q sequences of length 1 have a k-perfect lattice
proﬁle. With (3) we obtain Fib(q)k (k/2 + 1) = (q − 1)qk/2, and we can easily verify that the
assertion holds true for N = 1.
Evidently we can express B(q)k (N + 1) by
B
(q)
k (N + 1) = qB(q)k (N) − B(q)k|k (N).
With the induction hypothesis and the fact that B(q)k|k (N) is given by (6) respectively B(q)k|k (N) = 0
if N ≡ k mod 2, respectively, if N /≡ k mod 2, we obtain the desired formulas. 
Remark 2. The formulas forB(q)k (N)precisely coincidewith the formula for the numberA
(q)
∗|k(N)
of sequences S of length N satisfying |2Ln(S) − n|k, 1nN , in [16, Theorem 17]. (The
intermediate results of Proposition 2 andCorollary 2 are naturally different from the corresponding
results in [16].)As noted in Remark 1, such a sequence S of length N may not be the ﬁrst N terms
of an inﬁnite sequence with k-perfect linear complexity proﬁle if N ≡ k mod 2. With the same
approach we obtain the slightly different formula
A
(q)
k (N) =
1
q − 1 q
(N−k+1)/2Fib(q)k ((N + k)/2 + 1)
for the number A(q)k (N) of sequences with terms in Fq and length N , that form the ﬁrst N terms
of an inﬁnite sequence with a k-perfect linear complexity proﬁle.
Remark 3. The set A(q)k of sequences from F
∞
q with a k-perfect linear complexity proﬁle has
uncountably many elements but measure 0 in the space (F∞q , ∞) of all sequences, where  is the
equidistribution measure on Fq , i.e. (c) = 1/q for all c ∈ Fq , and ∞ is the product measure
on F∞q (see [11, Theorem 10]). In [16], the results on A(q)∗|k(N) have been utilized to show that
the Hausdorff dimension DH(A(q)k ) of the set A
(q)
k (after suitably mapping A(q)k on [0, 1] ⊂ R)
is (1 + logq (q)k )/2, where (q)k is the largest real root of xk = (q − 1)
∑k−1
i=0 xi . In particular,
we have 0.5DH(A(q)k )<1. Hausdorff dimension 0.5 is attained in the binary case if k = 1.
Naturally DH(A(q)k ) steadily increases if k increases.
4. On distribution properties of binary sequences with perfect lattice proﬁle
Besides complexity measures, distribution properties are fundamental quality measures for
sequences over ﬁnite ﬁelds. In this section, we provide some results on distribution properties of
binary sequences with perfect lattice proﬁle.
Let w(S) denote the Hamming weight of the binary sequence S of ﬁnite length N , i.e. the
number of 1s in S, and let P(w(S) = k), 0kN , denote the probability that w(S) = k.
Furthermore let w(si) denote the Hamming weight of the single element si . If we consider truly
random binary sequences S of length N with probabilities P(w(si) = 0) = P(w(si) = 1) = 0.5
and mutually independent elements, then the expected value and the variance of the Hamming
weight w(S) are given by E(w(S)) = N/2 and Var(w(S)) = N/4 [7]. In [20], it has been
shown that we have E(w(S)) = (N + 1)/2 and Var(w(S)) = (N − 3)/4 if we choose S
randomly from the set of binary sequences with length N and a perfect linear complexity proﬁle.
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Analogous results on binary sequences with length N and a perfect lattice proﬁle shall be given
in this section.
We recall that (inﬁnite) binary sequences with perfect lattice proﬁle can be characterized by
the condition
si + s2i = 1 for i = 1, 2, . . . (7)
and remark that (7) yields
(si2t )
∞
t=0 = si, si + 1, si , si + 1, . . . (8)
for all i1.
The fact that we have E(w(S)) = N/2 for a random binary sequence with length N and a
perfect lattice proﬁle immediately follows from the simple observation that S has a perfect lattice
proﬁle, if and only, if the complementary sequence S¯, i.e. the sequence where the 0’s and 1’s
are interchanged, has a perfect lattice proﬁle. The calculation of the variance is somewhat more
sophisticated. We will use the following lemma, which easily follows from the characterization
of binary sequences with perfect lattice proﬁle (7) and (8).
Lemma 1. Let S be a random binary sequence of length N with a perfect lattice proﬁle, and
suppose that 1 i<jN . Then we have
P((si, sj ) = (1, 1)) =
⎧⎪⎨
⎪⎩
0 : j = 2ui, u odd,
1
2 : j = 2gi, g even,
1
4 : else.
With Lemma 1 and the linearity of expectation we can prove the following proposition.
Proposition 3. The variance of the weight w(S) of a random binary sequence with length N and
a perfect lattice proﬁle is given by
Var(w(S)) = N
4
− 1
2
∞∑
i=1
(−1)i+1
⌊
N
2i
⌋
.
Proof. With E(w(S)) = N/2, we get
Var(w(S))=E((w(S) − N/2)2) = E((w(S))2) − NE(w(S)) + N2/4
=E
⎛
⎝( N∑
i=1
w(si)
)2⎞⎠− N2/4
=E
(
N∑
i=1
w(si)
)
+ 2E
⎛
⎝ ∑
1 i<jN
w(si)w(sj )
⎞
⎠− N2/4
=N/2 + 2E
⎛
⎝ ∑
1 i<jN
w(si)w(sj )
⎞
⎠− N2/4.
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We deﬁne
U = {(i, j) | 1 i<jN and j = 2ui, u odd} and
V = {(i, j) | 1 i<jN and j = 2gi, g even}.
Then we have
|U | =
∞∑
t=0
⌊
N
22t+1
⌋
and |V | =
∞∑
t=1
⌊
N
22t
⌋
.
Consequently, with Lemma 1 we obtain
E
⎛
⎝ ∑
1 i<jN
w(si)w(sj )
⎞
⎠= 1
2
|V | + 1
4
((
N
2
)
− |U | − |V |
)
= 1
4
((
N
2
)
− (|U | − |V |)
)
= N(N − 1)
8
− 1
4
∞∑
i=1
(−1)i+1
⌊
N
2i
⌋
,
which yields the desired formula for the variance Var(w(S)). 
We may estimate the sum in the formula for the variance by
∞∑
i=1
(−1)i+1
⌊
N
2i
⌋
≈ N
∞∑
i=1
(−1)i+1 1
2i
= N
3
.
The following theorem summarizes the obtained results.
Theorem 3. For the expected value and the variance of the Hamming weight w(S) of a random
binary sequence S with length N and a perfect lattice proﬁle we have
E(w(S)) = N/2 and Var(w(S)) ≈ N/12.
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